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Abstract
We investigate the question which compact convex sets are homeomorphic to their product with the unit interval. We prove it
in particular for the space of probability measures on any infinite scattered compact space and for the half-ball of a non-separable
Hilbert space equipped with the weak topology. We also show examples of compact spaces for which it is not the case.
© 2008 Elsevier B.V. All rights reserved.
MSC: 52A07; 54D30; 54B10
Keywords: Compact convex set; Hilbert ball; Hilbert half-ball; Cone over a compact space; Space of probability measures; Scattered compact
space
1. Introduction
In [1] it is proved, apart from other things, that certain compact convex sets are not homeomorphic to a product
of two non-metrizable compacta. Namely, it is the case for the unit ball B(κ) of the non-separable Hilbert space
2(κ) equipped with the weak topology; for the space P(A(κ)) of Radon probability measures on the one-point
compactification of an uncountable discrete set equipped with the weak* topology; and for the space P([0,ω1]) of
Radon probabilities on the ordinal interval [0,ω1].
In the present paper we address the question whether these spaces are homeomorphic to a non-trivial product with
one factor metrizable. We consider namely the products with unit interval I = [0,1]. We solve the question partially,
in particular we prove the following theorem. (Note that by X ≈ Y we mean that X is homeomorphic to Y .)
Theorem 1. Let K be an infinite scattered compact space. Then P(K) ≈ P(K) × I .
However, our method fails for B(κ). We do not know whether B(κ) ≈ B(κ) × I . We discuss this question and
some other problems in the last section.
The paper is organized as follows. In Section 2 we introduce the notions of a cone and of a double-cone over a
compact space and collect the key auxilliary results on the relationship of these operations and the product with I
(Propositions 3–5).
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compact convex sets which are not homeomorphic to a non-trivial product with one factor metrizable.
In Section 4 we study the case of B(κ) and some its subsets. The last section contains open problems.
2. Cones and double-cones
Let K be any compact space. We denote by Δ(K) the cone over K , i.e., the quotient space made from K × I
by collapsing K × {1} to one point. The collapsed point is denoted by (K,1). This operation was studied in [4] for
arbitrary topological spaces. In [3] it is used for compact metrizable spaces.
Further, by (K) we denote the double-cone over K , i.e. quotient space made from K × [−1,1] by collapsing
K × {1} to one point denoted (K,1) and collapsing K × {−1} to one point denoted by (K,−1).
We further define Δn(K) andn(K) for every n ∈N in the natural way by induction: Δ1(K) = Δ(K), Δn+1(K) =
Δ(Δn(K)) and similarly for double-cones.
The operations of cone and double-cone are quite different. It is witnessed by the following obvious fact.
Fact 2.
(i) If K is a singleton, then Δn(K) ≈n(K) ≈ In for every n ∈N.
(ii) If K is a two-point discrete space, then Δn(K) ≈ In and n(K) ≈ Sn, where Sn denotes the n-dimensional
sphere.
We will need the following proposition on the relationship of the operation of cone and the product with the unit
interval.
Proposition 3. Let K be a compact space. Then Δ(Δ(K)) is homeomorphic to Δ(K)× I . Moreover, given δ ∈ (0,1),
there is a homeomorphism h :Δ(K) × I → Δ(Δ(K)) such that
h|Δ(K)×[0,1−δ] = q|Δ(K)×[0,1−δ],
where q is the canonical quotient mapping Δ(K) × I → Δ(Δ(K)).
The fact that Δ(Δ(K)) ≈ Δ(K) × I even for arbitrary topological space is proved in [4, Theorem 1]. The proof is
elementary—it is done by a careful analysis of the equivalence relations defining the natural quotient mappings and us-
ing the obvious fact that Δ(I) is homeomorphic to I 2. By choosing an appropriate homeomorphism of Δ(I) and I 2 we
may easily achieve the additional condition. This result for K compact metrizable is also proved in [3, Lemma 8.3.1]
using another methods.
We will also need a similar result for the operation of double-cone. However, note that if K is the two-point discrete
space, then (K) ≈ S1, 2(K) ≈ S2, Δ((K)) ≈ I 2 and (K) × I ≈ S1 × I . Therefore all three spaces 2(K),
Δ((K)) and (K) × I are different.
Nevertheless, if we start from a compact space which is already a cone, the operations of cone and double-cone
yield the same object. This is the content of the following proposition.
Proposition 4. Let K be any compact space. Then (Δ(K)) is homeomorphic to Δ(K) × I .
Proof. Let h :Δ(K) × I → Δ(Δ(K)) be a homeomorphism given by Proposition 3. We define a homeomorphism
g :Δ(K) × [−1,1] →(Δ(K)) such that the following diagram commutes:
Δ(K) × I × {−1,1} h×id
idΔ(K)×u
Δ(Δ(K)) × {−1,1}
v
Δ(K) × [−1,1] g (Δ(K)).
Here u : I × {−1,1} → [−1,1] is defined by u(t, ) = t and v :Δ(Δ(K)) × {−1,1} →(Δ(K)) is defined by
v(x, ) =
{
(k, t), x = (k, t), k ∈ Δ(K), t ∈ [0,1),
(Δ(K), ), x = (Δ(K),1).
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Take (y1, t1, 1), (y2, t2, 2) ∈ Δ(K) × I × {−1,1} distinct such that their images under idΔ(K) ×u coincide. Then
y1 = y2 and t1 = t2 = 0. Denote by y the common value of y1 and y2. Then (h × id)(y,0,1) = (y,0,1) and (h ×
id)(y,0,−1) = (y,0,−1). Further, v(y,0,−1) = v(y,0,1) = (y,0). Thus g is well defined.
Now take x ∈ (Δ(K)). If x = (Δ(K),1) or x = (Δ(K),−1) or x = (y, t) for y ∈ Δ(K), t ∈ (−1,0) ∪ (0,1),
then v−1(x) is a singleton, hence g−1(x) is also a singleton. If x = (y,0) for some y ∈ Δ(K), then v−1(x) =
{(y,0,1), (y,0,−1)}. The inverse image of this set by h × id is again {(y,0,1), (y,0,−1)}. These two points of
Δ(K) × I × {−1,1} have the same image under idΔ(K) ×u, namely (y,0). Therefore the inverse image of x is the
singleton (y,0). This completes the proof. 
We finish this section by the following proposition saying that the operations of cone and double-cone commute,
in spite of their difference.
Proposition 5. Let K be any compact space. Then Δ((K)) ≈(Δ(K)).
Proof. A homeomorphism H :(Δ(K)) → Δ((K)) can be explicitly defined by the following formula:
H
(
Δ(K),1
)= ((K,1),0),
H
(
Δ(K),−1)= ((K,−1),0),
H
(
(K,1),0
)= ((K),1),
H
(
(K,1), t
)= ((K, sign(t)),1 − |t |), t ∈ (−1,0) ∪ (0,1),
H
(
(k, s), t
)= ((k, t
1 − s(1 − |t |)
)
, s
(
1 − |t |)), s ∈ [0,1), t ∈ (−1,1).
Obviously, H is a well-defined mapping. It follows immediately from the definition of the topology of the cone and
double-cone that it is continuous. It remains to show that H is a bijection. But this follows by a straightforward
calculation. 
3. Operations on convex sets
If K is a convex compact space, i.e., a convex compact subset of a locally convex space X, then both Δ(K) and(K) can be also viewed as convex compact sets. Namely, if 0 ∈ K , then
Δ(K) ≈ conv(K × {0} ∪ {(0,1)}),
(K) ≈ conv(K × {0} ∪ {(0,1), (0,−1)}),
where we are working in the locally convex space X ×R.
Fact 2 shows that the operations of cone and double-cone are very different. However, for metrizable com-
pact convex sets they yield the same thing. Namely, suppose that K is a metrizable compact convex set. If K is
finite-dimensional, then K ≈ In for some n ∈ N ∪ {0} and hence Δ(K) ≈(K) ≈ In+1. Moreover, if K is infinite-
dimensional, then K ≈ Δ(K) ≈(K) ≈ IN by Keller’s theorem (see e.g. [3] or [2]).
In case of non-metrizable compact convex sets these two operations become different. It is witnessed by the follow-
ing example. Further, we get examples of compact convex sets which are not homeomorphic to any nontrivial product
with one factor metrizable.
Example 6. Let K be a nonempty convex compact space with no Gδ-points, for example K = IΓ for Γ uncountable.
Then the following hold:
• K , Δ(K), Δ2(K), Δ3(K), . . . , (K), 2(K), 3(K), . . . are all mutually non-homeomorphic;
• ((K)) is not homeomorphic to (K) × I ;
• neither Δ(K) nor(K) are homeomorphic to L×H such that L and H are compact, L is metrizable and |L| > 1.
O.F.K. Kalenda / Topology and its Applications 155 (2008) 1098–1104 1101Proof. Note that Δ(K) has exactly one Gδ point, namely (K,1) and (K) has exactly two Gδ points, namely (K,1)
and (K,−1).
Further, suppose that L is a compact space such that the set of its Gδ points is nonempty and closed. Denote by M
the set of all Gδ points of L. Then the set of Gδ points of Δ(L) is homeomorphic to Δ(M) and hence it is also closed
in Δ(L). Similarly, the set of Gδ-points of (L) is homeomorphic to (M).
Now, as the set of all Gδ points of Δ(K) is a singleton, we get using Fact 2 that the set of Gδ-points of Δn(K) is
homeomorphic to In−1. By a further use of Fact 2 we get that the set of all Gδ-points of n(K) is homeomorphic to
Sn−1. Thus we get that all the spaces are mutually non-homeomorphic.
To show the second assertion, note that the set of Gδ-points of ((L)) is homeomorphic to the unit circle S1,
while the set of Gδ-points of (K) × I is homeomorphic to I × {−1,1}.
For the last assertion note that the set of Gδ-points of L×H is L×M where M is the set of Gδ-points of H . And
this cannot be a singleton. Moreover, it cannot contain exactly two points. Indeed, it would imply that L = {−1,1},
a contradiction with the fact that (K) is connected. 
In the following proposition we collect the results of our operations on some natural examples of compact sets.
The proof is straightforward.
Proposition 7.
(i) Let K be a compact space and P(K) denote the space of Radon probabilities on K equipped with the weak*
topology. Then
Δ
(
P(K)
)≈ P (K ⊕ {0})≈ {μ ∈ C(K)∗: μ 0, ‖μ‖ 1}.
(ii) Let X be a Banach space and K denotes its dual unit ball equipped with the weak* topology. Then we have:
(a) (K) is homeomorphic to the dual unit ball of X ⊕∞ R.
(b) Δ(K) is homeomorphic to{(
x∗, t
) ∈ X∗ ×R: ∥∥x∗∥∥+ |t | 1, t  0},
which is a half-ball from the dual ball from (a).
(c) K × I is homeomorphic to the dual unit ball of X ⊕1 R.
The next proposition provides a proof of Theorem 1.
Proposition 8. Let K be an infinite scattered compact space. Then Δ(P (K)) ≈ P(K) and hence P(K) ≈ P(K)× In
for each n ∈ N.
Proof. If P(K) ≈ Δ(P (K)), then
P(K) × I ≈ Δ(P(K))× I ≈ Δ2(P(K))≈ P(K),
where we used Proposition 3. Further, by an obvious induction we can show that P(K) ≈ P(K) × In for all n ∈N.
Finally, the homeomorphism of P(K) and Δ(P (K)) follows from Proposition 7 as K is homeomorphic to K ⊕{0}.
Indeed, it is well known and easy to see that scattered compact spaces are sequentially compact. Therefore there is a
one-to-one sequence xn of isolated points converging to some y ∈ K . We define a mapping f :K ⊕ {0} → K by the
formula
f (0) = x1,
f (xn) = xn+1, n = 1,2, . . . ,
f (x) = x, x ∈ K \ {xn: n ∈ N}.
Then f is clearly a homeomorphism. 
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Let M be any set and N ⊂ M . Let us define
B(M,N) =
{
x ∈ RM :
∑
i∈M
|xi | 1 and xj  0 for j ∈ N
}
equipped with the pointwise convergence topology. Then B(M,N) is for any p ∈ (1,∞) canonically homeomorphic
to
Bp(M,N) =
{
x ∈ p(M): ‖x‖p  1 and xj  0 for j ∈ N
}
equipped with the weak topology of p(M) (which coincides with the pointwise convergence topology on bounded
sets). Indeed, a homeomorphism of Bp(M,N) onto B(M,N) can be defined by
(xi)i∈M →
(|xi |p · sign(xi))i∈I .
Therefore B(M,∅) is homeomorphic to the standard unit ball of 2(M) with the weak topology, B(M, {m}) is home-
omorphic to the half-ball of 2(M) and so on. Hence we are really dealing with natural subsets of the Hilbert ball as
stated in the title of this section.
We further remark that B(M,M) is homeomorphic to P(A(M)). Indeed, the mapping Φ :P(A(M)) → B(M,M)
defined by Φ(μ)(m) = μ({m}), m ∈ M , is continuous and one-to-one; and hence it is a homeomorphism.
It is clear that B(M,N) ≈ B(M ′,N ′) whenever |N | = |N ′| and |M \ N | = |M ′ \ N ′|. Further, it is easy to check
that we have the following:
Δ
(
B(M,N)
)≈ B(M ∪ {∗},N ∪ {∗}),
(B(M,N))≈ B(M ∪ {∗},N), (1)
where ∗ is an element not belonging to M . Using this we obtain the following result.
Theorem 9.
(i) If both N and M \ N are infinite, then
B(M,N) ≈ Δ(B(M,N))≈(B(M,N))≈ B(M,N) × In
for every n ∈N.
(ii) Suppose that M is infinite and F ⊂ M is finite. Then
B(M,M \ F) ≈ B(M,M) ≈ Δ(B(M,M))≈(B(M,M))≈ B(M,M) × In
for every n ∈N.
(iii) Suppose that M is infinite, m ∈ M and F ⊂ M is finite and nonempty. Then
B(M,F) ≈ B(M, {m})≈ Δ(B(M, {m}))≈(B(M, {m}))≈ B(M, {m})× In
for every n ∈N.
(iv) Suppose that M is infinite and |N | = |M|. Then B(M,N) ≈ B(M,M).
Proof. (i) The first two homeomorphic relations are obvious using (1). The remaining one follows immediately from
Proposition 3.
(ii) By (1) we have Δ(B(M,M)) ≈ B(M,M). By Proposition 3 we get B(M,M) ≈ B(M,M)×In for each n ∈ N.
Using this and Proposition 4 we get
(B(M,M))≈(Δ(B(M,M)))≈ Δ(B(M,M))× I ≈ B(M,M) × I ≈ B(M,M).
Finally, if F ⊂ M is finite, set n = |F |. By (1) we have
B(M,M \ F) ≈n(B(M,M))≈ B(M,M).
This completes the proof.
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B
(
M, {m})≈(B(M, {m}))≈(Δ(B(M,∅)))≈ Δ(B(M,∅))× I ≈ B(M, {m})× I.
Thus B(M, {m}) ≈ B(M, {m}) × In for n ∈N. Further, using (1) and Proposition 3 we get
Δ
(
B
(
M, {m}))≈ Δ(Δ(B(M,∅)))≈ Δ(B(M,∅))× I ≈ B(M, {m})× I,
hence Δ(B(M, {m})) ≈ B(M, {m}). Finally, if F ⊂ M is finite and nonempty with n = |F |, then by (1) and the above
B(M,F) ≈ Δn−1(B(M, {m}))≈ B(M, {m}).
This completes the proof.
(iv) First choose a norm-preserving homeomorphism
η = (η1, η2) :B
({1,2}, {2})→ B({1,2}, {1,2}).
It is easy to see that such a mapping exists. Choose a one-to-one mapping φ :M \ N → N (it exists as |M \ N | 
|M| = |N | by the assumptions). Finally, define a mapping h :B(M,N) → B(M,M) by
h(x)(m) =
{
η1(xm, xφ(m)), m ∈ M \ N,
η2(xφ−1(m), xm), m ∈ φ(M \ N),
xm, m ∈ N \ φ(M \ N).
By the choice of η it is clear that h is a norm-preserving bijection. The continuity follows from the definition of the
product topology. This completes the proof. 
5. Final remarks and open problems
In this section we discuss some open problems. We start by the following general one concerning the subsets of
the Hilbert ball from the previous section.
Question 1. When are the sets B(M,N) and B(M,N ′) homeomorphic?
As already stated, they are trivially homeomorphic if |N | = |N ′| and |M \N | = |M \N ′|. Further, we have proved
that they are also homeomorphic if both N and N ′ are nonempty and finite and in the case when both M \ N and
M \N ′ are finite or if |M| = |N | = |N ′|. Finally, by Keller’s theorem (see e.g. [2] or [3]) B(M,N) and B(M,N ′) are
homeomorphic whenever M is countable.
In particular, the following special cases of the previous question seem to be interesting.
Question 2. Suppose M is uncountable.
• Is B(M,∅) ≈ B(M, {m}) for m ∈ M?
• Is B(M, {m}) ≈ B(M,N) where m ∈ M and N ⊂ M is countable?
• Is B(M,∅) ≈ B(M,M)?
In the first question we ask whether a non-separable Hilbert ball is weakly homeomorphic to its half-ball. In the
third one we repeat the question from [1] whether B2(κ) is homeomorphic to P(A(κ)).
We continue by questions concerning products with the unit interval.
Question 3. Let M be uncountable. Is B2(M) homeomorphic to B2(M) × I?
This is the remaining case not covered by Theorem 9. Note that for M countable the answer is positive as, by
Keller’s theorem, B2 ≈ IN. A direct proof of this homeomorphism relation is given in [3, Section 6.6] using inductive
application of the operation of double-cone. However, it seems that this proof cannot be adapted to yield a positive
answer to our question—first, B2(M) is not homeomorphic to IM for uncountable M and second, the proof heavily
uses the continuity of the norm in finitely-dimensional spaces while the norm is never continuous in the weak topology
in the infinite-dimensional case.
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the following natural questions remain open.
Question 4. Suppose M is uncountable and N ⊂ M nonempty. Is B(M,N) ≈ B(M,N) × IN?
Question 5. Let K be an uncountable scattered compact space. Is P(K) ≈ P(K) × IN?
We finish by the following question on products.
Question 6. Is there a compact convex set other that {0} and I which is not homeomorphic to any nontrivial product?
Note that by Keller’s theorem spaces {0} and I are the only such examples among metrizable compact convex sets.
In Example 6 above we constructed two compact convex sets which are not homeomorphic to any nontrivial product
with one factor metrizable. In [1] it is proved that there are some non-metrizable compact convex sets which are not
homeomorphic to any product of two non-metrizable compacta. If we put together results of [1] and of the present
paper, natural candidates for positive answer are the non-separable Hilbert ball and the examples given in Example 6
above.
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